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I. INTRODUCTION 
If G is a finite group and p a fixed prime number, the irreducible repre- 
sentations of G are distributed into disjoint systems, the p-blocks, which are 
related closely to the arithmetic structure of the group algebra of G. These 
blocks have been investigated in two preceding papers, Brauer [1, 21. Dif- 
ferent proofs of some of the results have been given by Osima [IO], 
Rosenberg [II], Iizuka [7], Nagao [9]; see also Curtis-Reiner [6]. It is our 
aim to give some applications of the theory. In the present first part we are 
concerned mainly with the problem of obtaining properties of the characters 
of G from group theoretical information concerning G. In the later parts, we 
shall use the results for a study of groups of even order; the prime p will be 
taken as 2. 
In Section II of the present paper, we list some of the known results which 
are used later on. 
In Section III, we obtain a number of results concerning the principal 
p-block. As an application, we introduce certain types of groups, the groups 
of a given deficiency class for the prime p. These types can be defined induct- 
ively by group theoretical properties. On the other hand, they can be charac- 
terized by properties of their characters, Section IV. In Section V’, the notion 
of a basic set for a block is introduced and it is shown how basic sets can be 
used for a discussion of properties of characters. 
* This research was supported by the United States Air Force under contract 
No. AF 49 (638)-287 monitored by the AF Office of Scientific Research of the Air 
Research and Development Command. 
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II. NOTATION. PRESUPPOSED RESULTS 
1. In the following, G will always be a group of finite order, and p will 
be a fixed prime number. If A4 is a subset of G, we write 1 M / for the number 
of elements of M. The centralizer of M in G will be denoted by (s,(M) and 
the normalizer of M by 91,(M). 
By the p-regular core R,(G) of G, we mean the maximal normal subgroup 
of G of an order prime to p (often denoted by B$(G)). 
2. Let Q denote the algebraic closure of the field Q of rational numbers. 
Choose a fixed exponential valuation vD of Q which extends the p-adic 
valuation of Q; v,(p) = 1. Let D denote the local ring of vg in Q. Let n denote 
the corresponding prime ideal and set B = o/p. The residue class map of IJ 
onto n will be denoted by an asterisk; CI --f 01*. 
By a representation X of G or, more clearly, by an ordinary representation 
of G, we shall mean a representation of G in Q. We use the term modular 
representation of G for the representations of G in .C?. An analogous termino- 
logy will be used in the case of characters. We can speak of the modular 
irreducible constituents of an ordinary representation. cf. Appendix of [I]. 
The group algebra of G over !J will be denoted by r(G) and its center by 
Z(G). If M is a subset of G, we write [M] for the element of r(G) defined by 
[Ml = c m. (2.1) 
In particular, if K, , K, , ‘.., K, are the conjugate classes of G, the elements 
[K,], [K,], ..., [Kk] form a basis of Z(G). For this reason, we refer to Z(G) 
as the class algebra of G (over Sz). The K irreducible characters of G will be 
denoted by x0 = 1, x1 , -.., xk-r . 
3. It will not be possible to list all the known results on blocks which 
will be used below. We shall state here some significant facts and refer for 
details to the papers quoted in Section I. 
A p-block B of G is a set of irreducible representations of G. Here, we place 
two irreducible representations X and Y of G in the same block, if there 
exists a chain 
X(0, = x, X(1', . . . . X(r) _ y (2.2) 
of irreducible representations Xci) of G such that any two neighbors in 
(2.2) have a modular irreducible constituent in common. By the modular 
irreducible representations of the block B, we shall mean the modular 
irreducible constituents of the representations X E B. Finally, we replace 
representations by characters and look upon a block B as a set of characters. 
It will be convenient to use the notation s(B) for the set of indices i for which 
&EB. 
If F is a modular irreducihlc representation of G and hcncc of I’(C;j, the 
elements .Y E Z(G) arc represented by scalar multiples Ifi(z) I of the identity; 
$J E Q. Here, $ is a linear character of Z(G). i.c. an algebra-homomorpl~ism of 
Z(G) onto Q. Actually, 4 depends only on the p-block 0 to which F belongs. 
If we Lvrite 3j’A for 4, then H--r ‘ilB is a one-to-one correspondence between 
the set of p-blocks of G and the set of linear characters of the class algebra 
Z(G). If vi is a representative for the conjugate class Kj , \\e have x, c B, if 
and only if 
#d[KjlJ = (I Kj x,(~j)lx,(l))* (2.3) 
for all i, (As explained above, the asterisk indicates the residue class map 
0 ----f -0). 
‘l’hc principal p-block B, -~ R,(G) of G is the p-block containing the 
principal character ,Q = 1. It follows from (2.3) that 
12.4) 
4. Let II he a subgroup of G and let X be a linear function on X(‘(H) with 
values in 9. WC denote by A” the unique linear function on Z(G) for which 
P([k;.]) -= X([h-j n H]) (23) 
fori =- I, 2, -.., k. In particular, if h is a p-block of H and S/J~ the correspond- 
ing linear character of Z(Z1), we may take X m= #,, Then #Jo,” may or may not 
be a linear character of %(G). If WC have the former case and if $oG -= I,!J~, 
we say that bc is defined and we set hc -= B. 
Each p-block B of G determines a class of conjugate p-suhgroups of G, the 
defect groups of B. Their order is prr where d is the defect of B which can be 
determined, if we know the degrees x,(I) of the characters xI E B. If the 
block b of H has the defect group D, (in ZZ), then bc is always defined when 
K:,(Q) 5 11. If the block R of G has defect group 11, there exist blocks b of 
DC’,(D) such that bG R. Each such b has necessarily defect group D. 
5. Let pi be a fixed p-element of G, say, of order p”. If o is a p-regular 
element of C,(r), we have formulas 
for xi E B. Here the pPz range over the modular irreducible characters of the 
blocks b of C&(n) for which b” .= B. The decomposition numbers dip= are 
algebraic integers of the field of the p”-th roots of unity which do not depend 
on v. If cpox is the Cartan invariant of KG(r) belonging cpPz and p,“, then 
(2.7) 
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On the other hand, if T and T’ are two p-elements of G which are not con- 
jugate in G, 
Ry the kernel of a character, we shall always mean the kernel of the cor- 
responding representation. Since 7~ lies in the center of KG(~), the kernel of 
the modular irreducible characters p;/ of KG(n) contains {nl. Hence the 
vi E b can be considered as modular irreducible characters of &J~T);(T]. 
They form the modular irreducible characters of a block & of KG(rr)/{~j. 
If & has defect (I,, ZJ has defect dO 4 o(. If the Cartan invariant of K&T)/(T) 
corresponding to ppx, ‘pOT is FPrr, then c,,,~~ in (2.7) is given by cpnil = JJ”~,~. 
6. If Y is a representation of G and 7 an automorphism of G, a representa- 
tion 1.’ of G is defined by g - Y(T--I(R)) for all g E G. An analogous remark 
applies to modular representations. It is clear that 7 maps each p-block B 
on a p-block R”. 
In particular, if G is a normal subgroup of a group T, we may take T as the 
automorphism R --f t-‘gt of G produced by a fixed element t of 7’. We write 
here I” for Y’, B’ for B’, and we say that Y and Y’ are representations of G 
associated in T, and that R and B1 are p-blocks of G associated in T. 
III. PROPERTIES OF THE PRINCIPAL BLOCK 
We need a simple lemma. 
LEMMA 1. Let H be a normal subgroup of G. For each p-block B of G, 
there exists a family {b(j) of p-blocks of H associated in G uith the following 
property : If W is an ordinary or modular irreducible representation in B, the 
irreducible constituents of u’ ; H lie in blocks bg. 
Proof. It follows from Clifford’s theorem that for each VP’, the irreducible 
constituents of FV 1 H are associated in G and hence lie in a family of asso- 
ciated blocks of H. If we apply this to an ordinary irreducible representation 
X E B and to a modular irreducible constituent F of X, we obtain both times 
the same family of blocks of H. It then follows for all ,Y, in a chain (2.2) that 
the irreducible constituents of Xi / H lie in a family of associated blocks of 
H and this implies the lemma. 
As already mentioned, the principalp-block B, = B,(G) of G is thep-block 
containing x0 = 1. We prove 
THEOREM 1. The intersection of the kernels of the ordinary irreducible 
representations Xi E B, is the p-regular core a,(G). 
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Proof. Since x0 j 8,(G) is the principal character of W,(G), it follows from 
Lemma 1 with H = SD(G) that for xi E B, all irreducible constituents of 
xi / s,(G) lie in the principal p-block 6, of R,(G). Since s,(G) is p-regular, 
b, consists only of one ordinary character, the principal character. If Xi is 
the representation with the character xi , it follows that Xi ; R(G) has the 
principal representation of 5&(G) as its only irreducible constituent. This 
implies that R,(G) belongs to the kernel of Xi E B, . 
Let H denote the intersection of the kernels of the representations X, 
As shown, H 2 R,(G). We may consider the ordinary and modular represen- 
tations in B,(G) as representations of G/H and then the principal blocks 
B,(G) and B,(G/H) coincide. In particular, both blocks have the same 
decomposition numbers and Cartan invariants. This implies that both have 
the same defect (for instance by [I, (6C)]). S ince the defect of the principal 
block is the exponent of the highest power of p which divides the group 
order, we find v,(! G 1) = ~,(i G/H i). It follows that H is p-regular and this 
implies H = R,(G). 
LEMMA 2. If the irreducible character xi belongs to B, , each algebraically 
conjugate character xi’ belongs to B, . 
This follows from (2.3), (2.4) ‘f 1 we use the fact that the value of xi’ for 
the elements of a class Kj is equal to the value of xi for the elements of a 
class Kj, , with 1 K, 1 = j K,s ( . 
COROLLARY 1. Set 
N = 2 Xi(l). 
iESWO) 
Then 1 G : H,(G) 1 lies between N and an upper bound depending only on IV. 
Proof. It follows from Theorem 1 that 
& xi(l)’ 2 I G : %(G) I 
and this implies h’ < 1 G : R,(G) /. On the other hand, by Lemma 2, 
is a rational-valued character of G which by Theorem 1 belongs to a faithful 
representation of G/R,(G). Now a theorem of Schur [II] gives the required 
upper estimate of 1 G : R,(G) /. 
We can give an analogue for modular representations. We have 
THEOREM 2. The intersection L of the kernels of the modular irreducible 
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representations Fe in B,(G) is the group n,,/,(G), i.e. the maximal normal sub- 
group L, 2 RJG) of G for which L,JSI,(G) is a p-group. 
Proof. Clearly, L 2 R,(G). For each p-regular element v of L and for 
each modular irreducible character, vpp E Be, we have pp(v) = v,(l). It then 
follows from (2.6) with ?r = 1 that X,(V) = xi(l) for each xi E B, . Hence 
ZI E R,(G). This shows that L/R,(G) is a p-group. Hence L E L),{,(G). On 
the other hand, if we consider vp E B, as modular irreducible character of 
G/$,(G), its kernel includes the normal p-subgroup 0,/,(G)/&(G) (cf. [I], 
(9D)). This implies D,!,(G) E L and we must have equality, q.e.d. 
We can now prove the following analogue of Corollary 1. 
COROLLARY 2. Let No be the sum of the degrees of the nonprincipal irre- 
ducible characters qp E B, T%en G/DD,l,(G) . zs isomorphic with a subgroup of 
G-W, > PI- 
Indeed, if we form the modular representation F of degree N,, , which 
splits completely into the different representations with the characters 
pp E B, , ‘pp # 1, then tr F(g) lies in the prime field A C Q. It follows that F 
is equivaIent with a representation in A. By Theorem 2, F has the kernel 
Dgx,(G) and the corollary becomes evident. 
Since we have Do,, = G, if and only if G has a normal p-complement, 
Theorem 2 also implies the following known result ([5], $29). 
COROLLARY 3. A group G has a normal p-complement, zjr and only tf the 
modular principal character CJ+, = 1 is the o&y modular irreducible character 
in B,(G). 
In the case of the principal block, the formulas (2.6) take a somewhat sim- 
pler form. This is a consequence of the following result. 
THEOREM 3. Let H be a subgroup of G, let b be a block of H with the defect 
group D [in H), and assume that K,(D) _C H. Then bc = B,(G), if and only tf 
b is the principal block B,,(H) of H. 
Proof,l (a) Set B = B,,(H)‘, B, = B,(G). Using the definition of the 
block B, we see from (2.4) for B,(H) and (2.5) that 
r,bB(Kj) = 1 Kj n H j*, (j = 1, 2, -.., k). (3.1) 
Partition k; into subclasses L, of elements conjugate with regard to D. Then 
/ L, ( is a power of p and j L,A 1 = 1, if and only if the only element of L,, 
lies in KG(D) c H. It follows that the complement of KY n H in Ki is a union 
1 A somewhat different proof will be presented elsewhere in a more general setting. 
of subclasses L,, with 1 L,, ’ I. This implies K, I I K, n /I (mod p) 
and (3.1) and (2.4) for B, -7 B,,(G) yield 
for allj. It follows that B,(ZI) -: B -- B,(G). 
(b) Conversely, assume that 6” := B, == B,(G). If it is not true that 
b = B,(H), choose a counterexample in which v,(G : D) is minimal and 
among the counterexamples which satisfy this condition, choose one in 
which : G ~ is minimal. 
According to Section II, there exist blocks & of DK:H(D) = DK-,(D) with 
the defect group D for which bH m: b. Then 6” = b” -7 H, Here, h cannot 
be the principal block of DE:,(D), since otherwise by part (a), we would 
have b = B,(H). Changing the notation, we may as well assume 
replacing b hy 6. 
Then b contains a unique irreducible character 0 whose kernel includes D 
and which as character of L%-,(D)/11 =- H/D has defect 0. 
Suppose first that there do not exist p-elements x E ‘S,(D), .X 6 H for which 
OS = 8. Then in the sense of [I], (12A), 0 is associated with a p-block B of G 
with the defect group D and, by [2, (2D)], B 7 bc -2 B,, But in the sense 
of [/, (12A)], the principal block B, of G is associated only with the principal 
character of DC,(D). Hence 0 is this principal character. This is impossible, 
since 8 t b and b f B,(Z&(D)). 
It follows that there exist p-elements s E ‘X,(D) such that x $ DKJIJ) 
and that 0,” -7 0. We may assume without restriction that 
Then R := {D&(D), x} is a group containing IN,(D) as normal subgroup 
of index p. Set b, = bR. Then 6,” = b” = B,, Since 6, has larger defect 
than b (cf. [2], (2F)), it follows from the minimal choice of our counter- 
example that b, = B,(R). Since then bH = B,(R) it follow in the same man- 
ner that R = G. Thus. 
D Q G; N r= DC&(D) CI G; : G : Zl I = p 
Since 0”‘ = 8, we can extend t? to an irreducible character x of G; 
f?(l) = X( 1). Let B be the p-block of G containing x and let D, he a defect 
group of B. Since D u G, we have D c I),, (cf. [I, (9F)]) and hence 
Kc(D,) & K,(D) c H. We shall show that B = B, by showing that #B = #tl,, 
Since x E B, by (2.3) 
#BCKj) = (I K.i I X(O.i)lX(l))*. (3.2) 
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On the other hand since B, =- ho and B E b, by (2.3) for h and by (2.5) 
lir&tKj) =( 2 I kjp Ie(g.i,,>/e( I)) * 
i’ 
(3.3) 
where k,,, ranges over all conjugate classes of Ii contained in Kj and where 
gJ,’ E k,,, Since x extends 0, we may replace 0 by x. We have x(0,,,) := x(oj). 
If Ki meets N, then Kj is the disjoint union of the k,!, , ; Kj 1 == c,, k,,, i 
and comparison of (3.2) lvith (3.3) yields tiB,,(l<,) = tiB(K,). If K, n H = O, 
then by (3.3) #so(Kj) = 0. Suppose that #B(k;) + 0. Then ([(I, (g&A)) there 
exist elements o E I;(; such that the defect group D, belongs to &Jo). This 
implies 
and we have CJ E Kj n N, a contradiction. 
We now have $B = z/s,, and hence B -= B, Apply now Lemma 1 to B, 
Since x0 E B, , x0 1 HE B,(H), it follows that all irreducible constituents of 
x ) H lie in B,,(H). Since x ) N -= @ E h f B,(N), this is a contradiction and 
Theorem 3 is proved. 
If M is the centralizer of a p-element r as in (2.6), then rr belongs to the 
defect group D of everyp-block B of H. Hence C,(D) _C K,(T) = H, and, by 
Theorem 3, 6” m: B,(G), if and only if h =- B,(N). Hence we have 
COROLLARY 4. If B = B,(G), then ppr in (2.6) ranges OVCY the modulur 
irreducible characters of B,,( K,(r)). 
For B f B,(G), we may have several blocks b of (I with bC = B. ?‘hey 
need not even have the same defect. 
On combining Corollaries 3 and 4, we obtain 
COROLLARY 5. Suppose that TT is a p-element of G for which Kc;(r) hns a 
normal p-complement. Then ,for every p-regular element zj of KG(r) and ,for 
every xi E B,(G), 
X?(TE) = Xi(4. 
The following remark of a different nature is sometimes useful. 
REMARK. The characters x1 of degree 1 in B,(G) form a group under 
multiplication and hence the number of such characters xi is a divisor of the 
index of the commutator subgroup G’ of G. 
This is an immediate consequence of (2.3) and (2.4). 
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IV. GROUPS OF A GIVEN DEFICIENCY CJLA~S 
We first prove a lemma. 
LEMMA 3. Let B be a block of G of defect d with the defect group D. If T 
is an element of the center J(D), there exist blocks b of Ok of defect d such 
that bG = B. 
Proof. Set a = v,(/ G I). There exist characters x2 E 3 with 
vp(xi(l)) = a - d. 
By the definition of the defect group in [I], we can find a p-regular element z, 
of G such that D is a p-Sylow group of K,(V) and that #B([K]) # 0 for the 
conjugate class K of v. It follows from (2.3) that xi(a) + 0 (mod p). Since 
z, E K,(n), this implies xi(nv) + 0 (mod p). Now (2.6) shows that there exist 
a block b of K,(x) with bG = B and a modular irreducible character q,” in b 
such that 
9p=(v) * 0, dfpn +z 0 (mod p). (4.1) 
Since the modular characters of a block can be expressed by the ordinary 
characters of the block (restricted to p-regular elements) with integral 
coefficients, it follows that there exists an ordinary irreducible character 
5 E b with t(v) + 0 (mod p). 
Let L be the conjugate class of K,(V) which contains F. Since 1 L / [(n)/<(l) 
is an algebraic integer, we find 
Now, D is a p-Sylow group of K,(v) and also of CG(rrv). Thus, 
and we find 
%(I ~GW) I) = d 
%(6(l)) d “,(I KG(n) 1) - d. 
This shows that the block b of 6 has at least defect d. Since the defect of b 
cannot be larger than the defect d of bc = B, the lemma is proved. 
We now define types of finite groups using characters. 
DEFINITION. Let r be an integer. A finite group G will be called of 
deficiency class r for the prime p, if there does not exist a nonprincipal block of 
defect d 3 r. 
The following Remarks 1 and 2 are obvious. Remark 3 follows from 
[I], (9F), and Remark 4 from [Z], (2G). 
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REMARKS. 1. If p’ does not divide the order i G , G is of deficiency 
class r. 
2. Every p-group has deficiency class 0 for p. 
3. If Q of order pn is a normal p-subgroup of G and if G is of deficiency 
class r < n, then G is of deficiency class 0. 
4. If Q of order pn is a p-subgroup of the center of G, then G is of defi- 
ciency class r, if and only if G/Q is of deficiency class r - n. The same fact 
still holds if Q of order p* is a subgroup of G for which G = Q(&(Q). 
The reason for our interest in the deficiency classes lies in the fact that for 
Y > 0 we can characterize them inductively by properties of the abstract 
group. We prove 
THEOREM 4. If G is of deficiency class Y for the prime p then for every 
p-element v of G, K,(n) is of d fi e czenc y 1 c ass r. Conversely, if for eaery element 37 
of order p the group (E,(n) is of dejiciency class r and if r is positive, then G is 
of de$ciency class r. 
Proof. Let n be a p-element. If KG(n) h as a non-principal p-block 6 of 
defect d, then bG = B is defined and has defect at least d. By Theorem 3, 
Bf B,(G). If G has deficiency class r, then d < r. It follows that KG(~) 
has deficiency class Y. 
Conversely, assume that G is not of deficiency class Y. Let B be. a non- 
principal p-block of defect d > Y and let D be the defect group. Since Y > 0, 
we can choose an element of order p in the center of D. Now Lemma 3 shows 
that Kc(n) contains a p-block b of defect d with bc = B. Again, b cannot be 
B,,(ci,(n)) and hence t&(n) is not of deficiency class r as we had to show. 
In the case of the groups O,(T) with T# 1, we can apply Remark 4 above. 
Hence Theorem 4 furnishes a characterization of the groups of deficiency 
class r > 0. However, we cannot distinguish the groups of deficiency class 
0 in an analogous manner among the groups of deficiency class 1. 
A group G has deficiency class 0, if B,(G) is the only p-block. If 
v,(/ G I) = a, then B,(G) contains at most pzu irreducible characters, cf. 
Brauer-Feit [3]. Hence G has at most class number pzn. It follows that for 
given a, there are only finitely many groups G, Landau [a]. Thus, we have 
THEOREM 5. There exist only j;nitely many groups G of deficiency class 
0 for p for which the exact power pa of p in I G 1 is given. 
For p = 2, we can go a bit further. 
THEOREM 6. Consider groups G of even order of defickncy class I for 
p = 2 for which the exact power 2” of 2 in the group order 1 G 1 is given. There 
exist only $nitely many such simple groups. Also, there exist only finitely many 
groups G which have more than one conjugate class consisting of involutions. 
Proof. If .x is an clement of order /, of a group G of dcticicncy class I ) 
then by ‘t’heorem 4 and Remark 3 above, Cc;(x) has deficiency class 0. If 
v,,(, G ) a is given, the order of C&(S) is bounded hy Theorem 5. If p 2, 
the results of Hrauer-Fowler [#I can he applied and yield the statements. 
‘The C.I.7’. groups of Suzuki [/3] and in particular Suzuki’s simple groups 
hare deficiency class 1 for /, 2 and a number of other simple groups of this 
class are kno\vn. The I\Iathieu group M,., has deficiency class 0 for /I 2. 
\:. BASIC SEX 
In the formulas (2.6), the moduiar irreducible characters of the groups 
&Jr) appear. Since it may be difficult to determine these characters, we shall 
discuss a modification of the method. 
If G is a group and p a prime, we shall denote by Go the set of p-regular 
elements of G and by x,” the restriction of the character x, to G”. If H is a 
fixed p-block of G, the functions xi” with xi t U generate a module M, lvith 
regard to the ring Z of integers. By a basic set qs for B, 15-e mean any basis 
{pDn) of AZ, Thus, we have formulas 
with dj, EZ,. !Uoreover, we set 
cpq := z d,&,; 
lES(B) 
for g;, , 9b t pA 
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In particular, the modular irreducible characters in B form a basic set 
gj, If this qe is used, the d,,, in (5.1) are the decomposition numbers and the 
c,,” the Cartan invariants. We use the same terms in the case of an arbitrary 
basic set. It is obvious in which manner the d+,, and the c,,,, will change, if the 
basic set pn is replaced by another basic set. In particular, the matrix (c,,~,) 
is the matrix of a quadratic form Q. If the basic set is changed, 0 is replaced 
by an equivalent form. We note 
THEOREM 7. Let p and d he given. The quadratic form Q associated with a 
p-block qf defect d belongs to one of a finite number qf classes of positive definite 
.quadratic forms. 
Indeed, it is clear that 0 is nonnegative. If we use the set of modular 
irreducible characters of B for pA, we know that the number of members 
of ?B is at most equal to p’” [3], and that the largest elementary divisor of 
(cPn) is p” and, in particular, that det (con) is apower of p ([I], (6C)). This 
suffices to establish Theorem 7. 
COROLLARY 6. There exist bounds y(p”) dependiq only on pd such that 
for each p-block of defect d of any finite group, a basic set can be chosen such that 
the Cartan &variants aye at most equal to y(p”). 
Using the reduction theory of quadratic forms, we can give explicit 
estimates for r(~“). Actually, because of the form (5.2) of the cPri , better 
estimates can be obtained bv direct methods. This will be shown elsecvherc. 
COROLLARY 7. Jf B =- B, is the principal p-block, a basic set 9;‘8 can be 
chosen such that 1 E 9B and that the Cartan invariants cpn lie below a bound 
y&p”) depending only on the highest pout pTz qf p which dinides I G ;. 
f’twof. U’e first choose a basic set ~a in accordance with Corollary 1. 
Since x0 m= 1 belongs to B == B, , \ve have 
where pp ranges over yB . It follows from (5.2) with p = (r that 
dop2 < cPP < Y(P”). P+Ioreover, if qB consists of I, functions, the I, numbers 
d,, are relatively prime. Hence we can find an (E, x IB) matrix T with the 
following properties: (1) In the first roxv, the LB coefficients d,, appear. 
(2) All coefficients lie in Z and their absolute value lies below a bound depend- 
ing only on p’“. (3) The determinant is $ 1. 
Now the linear transformation Cth the matrix 7’ changes the set 9s into 
a basic set with the required properties. 
Let 7~ now be a p-element of a given finite group and let b be a p-block 
of KG(r) such that bG is a given p-block B of G. Select a basic set ‘p,, of b. 
It is clear that we can introduce the elements of Q?[, instead of the irreducible 
modular characters in b in (2.6). We th en obtain formulas of the same form 
as (2.6) which we write again in the form 
(5.3) 
where v is a p-regular element of KJx), where b ranges over the set of blocks 
of t+(r) which satisfy bC =: B, and where vpn ranges over the members of a 
basic set y2, for b. If r has order p”, the dip2 are algebraic integers of the field 
of the p’-th roots of unity. Exactly as in (2.7), we have 
(5.4) 
where cpOn is now the Cartan invariant belonging to Ye; qPz, 9nz E q6 
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Let r’ also be a p-element, let b’ be a p-block of Co(&) with (b’)” = B 
and let voz’, be a member of a basic set yb, If either 71 = n’, h f 6’ or if 
7~ and r’ are not conjugate in G, it follows from (2.7) and (2.8) that 
We state 
THEOREM 8. Let p and d be given. For all$nite groups G, there exist only 
$nitely many “types” of p-blocks B of defect d. For each type, the defect group D 
of B is determined as abstract group. Furthermore, we have a fixed system of 
elements of D 
770 = 1,rrI ,“‘,rrm (5.6) 
which represent the d$ferent conjugate classes of G which meet D. Moreover for 
each T = n/L , 1 < TV < m, the coefficients diPx with i E s(B) are determined 
provided that suitable basic sets are used. 
This is fairly obvious. For given p and d, we have only finitely many 
possibilities for D and for the choice of the system (5.6). We have already 
used that the number k, of characters xi E B is at most p2d. For fixed 7~ =L TT, , 
let I,(j) denote the total number of functions vP” in basic sets P)~ belonging 
to blocks b of C,(n) with bc = B. If we use for a moment again the irreducible 
modular characters as basic set, we have ([2], (7D)) 
z l,‘j’ = k, 5 p2*. 
j=O 
(5.7) 
For each block b with bC = B, the defect d, is at most equal to d. Suppose 
that in each case a basic set q+ is used which satisfies the condition of 
Corollary 6. Consider a fixed ypp.-. The corresponding d,,,” are algebraic 
integers of a known algebraic number field. Sow (5.4) with p = D yields 
(5.8) 
For each algebraic conjugate (di;“)’ of dj/, there exists an algebraically 
conjugate character x,, of xi which belongs to B and for which 
diTiT = (d,,“)‘. 
This follows easily from (5.3). N ow (5.8) shows that we have only finitely 
many possibilities for each dipn. Since (5.7) shows that we have at most 
P 4d coefficients dipn, this implies Theorem 8. 
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COROLLARY 8. Let B be a p-block of a group G of given type. Let n be a 
p-element of G and let v be a p-regular element of &(.rr). If rr is one of the elements 
(5.6), and if the corresponding basic sets rp,, are known, the values of the cha- 
racters xi E B for the element rrv are determined. If v is not conjugate in G to an 
element (.5.6), then xi(nv) = 0 for xi E B. 
The first statement follows from (5.3) while the second is a consequence 
of PI, (7N. 
The proof of Theorem 8 does not give a practical way of finding all pos- 
sible types of p-blocks, even in fairly simple cases. We shall therefore discuss 
some modifications. 
Let B be a p-block of G and let s(B) as before denote the set of indices i 
for which xz E B. It will be convenient to speak of a column 3 belonging to 
B if for each i E s(B) a complex number xi is given. These columns form a 
vector space with the usual operations. If 3 = (ai> and u = (ui> are two 
columns, we introduce an inner product by 
(3, ll) = c; z& . 
ia 
If T is a ring, we say that 3 lies in T, if all zi E T. 
In discussing types of p-blocks, we may assume that the defect d is positive, 
since the case d = 0 is trivial, cf. [I], (6E). We take the view that the case of a 
fixed defect group D and a definite system (5.6) of elements of D are con- 
sidered. For each n = r/L , we have to consider all blocks b of O,(r) with 
bc = B. Then the defect group D, of b can be taken as a subgroup of D. 
Actually, the discussion can be reduced to that of blocks 6 of t&(n)/(r) with 
the defect group B = Do/(~). If 7r f 1, i.e., if p > 0, then 1 D / < 1 D / 
and we may assume in the way of induction that we know the Cartan inva- 
riants for suitable basic sets of 6 and then of b. Now, as in the proof of 
Theorem 8, the formulas (5.4) can be used to discuss the possibilities for the 
columns bPn with the coefficients d,,“, iEs(B). We do not know in general 
how many blocks b of KG(n) with bG = B exist. However, (5.7) shows that 
the total number of columns bon with x f 1 is less than pzd. Of course, the 
equations (5.5) represent further necessary conditions for these columns. 
Suppose that we have made a definite choice for the dipn with x = rr , 
772, “‘,5-r,. It remains to discuss the columns b,’ with n = no = 1. Let \331 
denote the Z-module consisting of all columns in Z which are orthogonal 
to all columns bPX with r = rrl , n2, .‘., z-~~ By (5.7), the dimension of Vll 
is Za(O). In fact, if we take the modular irreducible characters of B as basic 
set vB, (m = 1, b = B), we see that the corresponding Z,(O) columns b,,r 
form a Z-basis of M. This follows from the known fact (cf. [I, $51) that 
the greatest common divisor of all minors of degree ZB(0) of these columns 
is 1. 
If we now cl~oose an arbitrary Z-basis (b,,‘i’) of AI, this means thar we 
decide on a particular choice of the basic set q:u ‘I’he corresponding (‘artan 
invariants can then be obtained from (5.4). 
In order to obtain further restricting conditions, Iye choose a generalized 
character 0 of 11 and set 
44 ~~ (Xl /)v 4 (5.9) 
for it s(B); we have a column a(B) in Z. Using (5.3), we can write this in 
the form 
/ I) / u,(e) = z Xi(7r) &r) =-= c 2 z; djpr’q),“(l) B(n). (5.10) 
at* 7 b $1 
If ( D I = p(’ and if we know the values q,“(l), this can be considered as a 
congruence mod p” for the columns b,“. tie always have at feast some infor- 
mation concerning the ~~“(1). Indeed, if p h(;i) divides the order of r&;(r), 
it follows from [I], (3F), that 
cc ,,i”yG”( 1) -.; 0 (mod p” r”)) (r (5.11) 
where the sum extends over all P,;~ E v,, . 
In our discussion so far, we used the estimate (5.7) for h, Actually, it is 
not diflicult to show that if n is an element of the center of 11, then there 
exists a p-block b of K&T) with hG B with the following property. For each 
x7 E B, there exists a qzpn E /I with d,,” # 0. This can often be used to obtain 
much better estimates for k, There arc a number of further remarks which 
facilitate the discussion. 
We note the following corollary of ‘I’hcorem 8. 
~oRoI,LARY 9. If B is u p-block qf thegroup qf a given type, ;f rr is up-eierrzent 
of G md if the group K&n) is k noecn, the values qf the charucters xi E B .fov the 
elements TTZ‘ are determined where c Is N p-reguLav element of K&n). 
As a final result. we mention 
THEOREM 9. Let G be a.finite group, let p he a prime and let 
Ti ,, l,TT,....,TT,,, 
be u set qf representatives for the conjugate classes of- G consisting of p-elements. 
Assume that, for i *- 0, the group QTT,) is known arid that we know which 01’ 
the conjugate classes of these groups aye f&sed in G, i.e., which of them belong 
to the same conjugate class of G. Then the values of the linear characters $&I(]) 
for p-singular classes can be determined. (HozLsever, we are not able to say box 
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many blocks B of defect 0 occur). For each block b of K,(T,) u)ith i >> 0, ute cat1 
determine which gB corresponds to b’. 
If we know the diiT for 7~ = 7~~~ with t.~ :> 0 as assumed in Theorem 8, 
n-e can then find the values of xi E B for p-singular elements. Then (5.10) 
with # =; 1 can be used to find the value of xi(l) (mod p”) nhere p” is the 
highest power of p dividing / G / I n a similar manner, wc obtain congruences 
for xi(~) where zj is a p-regular element for which 1 (&(zI) I is divisible by p. 
Finally, it follows from (5.5) that 
(5.12) 
where zu is a p-regular element of G and v = rr!, with p > 0. 
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